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Abstract. Given a positive function F on S™ which satisfies a convexity con- 
dition, for 1 < r < n, we define for hypersurfaces in M n+1 the r-th anisotropic 
mean curvature function H r .p, a generalization of the usual r-th mean curva- 
ture function. Wc also define L r .p operator, the linearized operator of the r-th 
anisotropic mean curvature, which is a generalization of the usual L r operator 
for hypersurfaces in the Euclidean space IR n+1 . The Reilly type inequalities for 
the first eigenvalue of the L r -p operator have been proved. 



1. Introduction 

A classical result of Reilly p2] establishes that the first positive eigenvalue Ai 
of the Laplacian operator A of a closed (that is, compact and without boundary) 
hypersurface M immersed into the Euclidean space IR n+1 satisfies 

Ai < —rrjj, / H 2 dM, 

vol(M) J M 

where H denotes the mean curvature of M, with equality if and only if M is a 
round sphere in IR n+1 . More generally, Reilly obtained that 

Ai ( [ H r dNl) <nvo\(M) [ H? +1 dM, 

for every < r < n — 1, where H r stands for the r-th mean curvature of the 
hypersurface, and equality holds precisely when M is a round sphere (recall that 
H = 1 by definition, and Hi = H). 

The first eigenvalue of L r , the linearized operator of the r-th mean curvature 
of hypersurfaces in R n+1 , has been studied by do Carmo, Alencar and Rosenberg 
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[2], they proved, under the hypothesis H r+ \ > 0, that 

[ H r <(n-r)C r n [ H 2 +l , 
Jm Jm 

and equality holds precisely if M is a sphere of IR n+1 . 

More recently, Veeravalli [20] has extended Reilly's inequalities to the case 
of hypersurfaces immersed into hyperbolic and spherical spaces. See also [7] , [8] 
and [11] for other extensions of Reilly's inequalities. 

In [3], L. J. Alias and J. M. Malacarne proved: 

Theorem 1.1. Let ip : M — >■ IR n+1 be an orientable closed connected hypersurface 
immersed into the Euclidean space. Assume that L r is elliptic on M, for some 
< r < n — 1, and let Af r be the first positive eigenvalue of L r . Then, for every 
< s < n — 1 it follows that 

(1.1) Af p ( / H s dM) 2 < c(r) f H r dM [ H 2 s+1 . F dV, c(r) = (n - r)C r n . 

JM JM JM 

and equality holds if and only if M is a round sphere in 

In this paper, we prove an anisotropic version of Theorem 11.11 First we 
introduce some notations. 

Let 

S n = {ye W l+1 | = 1} 

be the standard unit sphere in the Euclidean space M n+1 , where \\y\\ 2 = Y2i=i(y 1 ) 2 
for y = (y\y 2 ,--- ,y n+1 ) E R n+1 . 

Let F : § n — > M + be a smooth function which satisfies the following convexity 
condition: 

(1.2) (D 2 F + FI) y > 0, WyeS n , 

where D 2 F denotes the intrinsic Hessian of F on § n and I denotes the identity 
on T y S n , > means that the matrix is positive definite. 

We consider the map 

0: §" — )■ R n+1 , 

V -»■ F(y)y + (grad § „ F) y , 

its image Wp = 0(§ n ) is a smooth, convex hypersurface in ]R n+1 called the Wulff 
shape of F (see [5], p], [H], [19], [21]). When F = 1, the Wulff shape W F is 
just § n . 
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Now let x : M — > R n+1 be a smooth immersion of a compact, oriented 
hypersurface without boundary. Let N : M — > E> n denote its Gauss map. The 
map v = cf) o N : M — > W F is called the anisotropic Gauss map of x. 

Let S F = —dis. S F is called the F-Weingarten operator, and the eigenval- 
ues of Sf are called anisotropic principal curvatures. Let a r be the elementary 
symmetric functions of the anisotropic principal curvatures K\, K2, ■ ■ ■ , K n : 

a r = ^ K h'-- K ir (1 <r <n). 

il<—<ir 

We set (To = 1. The r-th anisotropic mean curvature H r .p is defined by H r .p = 
cr r /C^, also see Reilly [T5]. H F = H VF is called the anisotropic mean curvature. 
When F = 1, H r .p is just the r-th mean curvature H r of hypersurfaces which has 
been studied by many authors (see [1], [2], [3], [13]). Thus, the r-th anisotropic 
mean curvature H r .p generalizes the r-th mean curvature H r of hypersurfaces in 
the (n + l)-dimensional Euclidean space R n+1 . 

Associated to each H r . F , we define its linearized operator L r . F (see Section 
3), denotes Af r;F its first positive eigenvalue. 

In section 2, we define a constant \x depends on the function F : S n — > M + . 

In this paper, we prove the following Reilly type inequality: 

Theorem 1.2. Let X: M — > W n+1 be a compact oriented hypersurface without 
boundary immersed into Euclidean space, and let F : E> n — > R + be a smooth 
function which satisfies the convexity condition M.2\) . If H r .p > for some 
r = 1, • • • ,n. Then the first eigenvalue X^ r ' F of L r .p satisfies 

(1.4) X^ F ( [ H s ^, F dVf < /ic(r) / H T , F dV [ H 2 s . F dV } s = 1,2, • • • ,n, 

J M JM J M 

where c(r) = (n — r)C^. 

2. Preliminaries 
We define F* : R n+1 — >• R to be: 
(2.1) ^(l/)=sup{|^|uGM' 1+1 \{0}}, 

then F* is a Minkowski norm on R n+1 . In fact, as proved in [TO], F* : M n+1 \{0} — > 
R is smooth and we have 

Proposition 2.1. (1) F*(y) > 0, \/y G R n+1 \ {0}; 
(2) F*(ty) = tF*{y), Vy G R n+1 ,t > 0; 
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(3) F*(y + z) < F*(y) + F*(z), Vy,z G R n+1 , and the equality holds if and 
only if y = 0, or z = or y = kz for some k > 0. 

(4) W F = {ye R n+l \ F*(y) = 1}. 

We define 

1 d 2 (F*) 2 

( 2 - 2 ) 9ap(y) = 2d^(v)> 

and 

(2.3) g y (X,Y)=g a p(y)X«Yf i , 

where y G R n+1 \ {0} and X = (X 1 , X 2 , ■ ■ ■ , X n+1 ), Y = (Y\ Y 2 , ■ ■ ■ , Y n+1 ) G 
T y R n+1 = R n+1 . 

For u, v e R n+1 , y G R n+1 \ {0}, we write 

(u, v) y = g y {u, v), \\u\\ y = ^g y {u,u), 

where u = • • • , u n+1 ), v = (vi, ■ ■ ■ , v n+1 ). 
Define constant A, A, \i by 

IImII 2 

\ = \(R n+1 ,F)= inf 

y ,um n+1 \{o} \\u\r 



A = A(R™ +1 , F) = sup 



2 ' 



3/,weM n + 1 \{0} ll M 

/J = / i(r +1 ,F) = ^. 
It is clear that 1 < // < oo, and /j, — 1 if and only if F* is an Euclidean norm. 

Let x : M — > R n+1 be a compact oriented hypersurface in the Euclidean 
space R n+1 . Let v : M — > Wf denote its anisotropic Gauss map. Then for any 
p G M, u{p) is perpendicular to T p M with respect to the inner product g v ^ and 
F*{v{jp)) = 1. Thus, we call v(p) an anisotropic unit normal vector of T p M. 

Let V be the standard connection on the (n+l)-dimensional Euclidean space 
]R n+1 . For vector fields X, Y on M, we decompose VjF as the tangent part Vx^ 
and the anisotropic normal part ll(X,Y)v with respect to the inner product g v . 
That is: 

(2.4) V X Y = V x Y + lI(X,Y)u, 

where g v (VxY, v) — 0. 
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It is easy to verify that V is a torsion free connection on M and II is a 
symmetric second order covariant tensor field on M. We call II the anisotropic 
second fundamental form. 

Let {ei}" =1 be a local frame of M and {a/}™ =1 its dual frame. Let = 
gv{ei,£j), Ve» = uj\ ® ej, II(ej, ej) = h^, h\ = g^ k hki, where is the inverse 
matrix of (gij). Then we have 



(2.5) dx = u l ei, 

(2.6) dti = uj\tj + hiju^u, 

(2.7) du=-h j i Je j . 

Differentiate (12.5p and using fl2.6j) . we get 

(2.8) dw^^'Awj, 

(2.9) hij hji- 

Differentiate (12.61) and using fl2.6H2.7p . we get 

(2.10) hijk = hikj, 

(2.11) dui-^Aui^—R^Au 1 , 
where 

hijk& k = dhij — hikUJj — hkjcof, 
= ~ R i\k = hikhj - huh\. 

Differentiate (12.71) and using (12.61) . we get 
(2-12) \\ = 

where 

/», V = dh\ + h{«i ~ h{ul 

Note (hi) is the matrix of the F-Weingarten operator Sp = —dv, its eigenval- 
ues are called the anisotropic principal curvatures, we denote them by • • • , K n . 
Let a r be the elementary symmetric functions of the anisotropic principal curva- 
tures Ki, k 2 ,--- , k„: 



^ «i! • • • Kj r (1 < r < n) 



\\ i set do = 1. The r-th anisotropic mean curvature H r -p is defined by i? r; F 
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Using the characteristic polynomial of Sp = —du, a r is defined by 

rt 

det(tJ - S F ) = ^(-l)V r f l - r . 

r=0 

So, we have 

( 2 - 13 ) * 7 E ct^---^ 

ii,- ,i r ;ji,--- ,jr 

where ^.../J is the usual generalized Kronecker symbol, i.e., 5| 1 .'.'.| r equals +1 
(resp. -1) if ii • • • i r are distinct and (ji ■ ■ • j r ) is an even (resp. odd) permutation 
of («!••• i r ) and in other cases it equals zero. 

Definition 2.2. Let / : M — > R be a smooth function. We define the gradient 
grad / of the function / by 

(2.14) ^(grad/,X)=X(/), 
where X is any smooth vector field on M. 

Define / by df = /a/, then 

(2.15) grad/ = ^7^. 
We define 

= |ei, • • • , e n , i/| w 1 A • • • A tu n , 

where |ei, ■ • • ,e n ,u\ is the determinant of the matrix (ei, • • ■ , e n , v). Then dV is 
a volume form on M. 

Definition 2.3. Let X be a smooth vector field on M. We define the divergence 
divX by d{i(X)dV} = (divX)dV, where 

(i(x)dv)(Y u --- ,y n _o =dy(x,yi,... ,y n _i), vy,--- ,y n _ a e jt(m). 

Lemma 2.4. Let X = X*ej ; i/jen divX = X\, where 

dx l + x j u) = xy. 

Proof. By dMD, (J22D, we get 

(2.16) d |ei, • • • , e n , v\ = u)\ \e x , ■ ■ ■ , e n , v\ . 
From the definition of i(X), we have 

i{X)dV = \e h •■•,e n ,i/|u 1 A---Au , A---Au n . 
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d{i(X)dV} = Eif- 1 )^ 1 ^) A |e x , • ■ ■ , e n , v\ u l A • ■ ■ A u* A ■ • • A u n 
+ E^- 1 )^ 1 ^^ |ei, • • ■ , e n , z/|) A A • • ■ A w l A ■ ■ • A w n 
+ Y^jKii- 1 )*** x * |ei, • • • , e n , ^| ^ A A • • • A A • • • A A • • • A w n 
+ Six(- 1 )* +i+1 -^ |ei, • • • , e n , ^| c/w j A A • • • A ^ A • • • A a? A • • • A w 



Remark 2.5. Recall v = <f) o N = DF\ N + F(N)N, so = F(N)dA, where tL4 
is the area form of M induced by the standard Euclidean metric of R n+1 . Thus 
J M dV is just the anisotropic surface energy J M F(N)dA which has been studied 
by many authors (see [5], [9], p2], [H], [21] etc. ). 



3. L r . F OPERATOR FOR HYPERSURFACES 
We introduce an important operator P r by 

P r = ar J - (Jr _ 1 5 F + ■ ■ ■ + (-l) r S r F , r = 0, • • 



then 



P = 1, Pn = 0, P r = a r I - P^Sf 



Lemma 3.1. The matrix of P r is given by: 



(3.1) 



■■h\r. 

Jr 



Proof. We prove Lemma [3. II inductively For r = 0, it is easy to check that ( 13. If 
is true. 

We can check directly 



(3.2) 



il—iq 



ft 



l q l q 



sir # 
sir % 



5: 



■J-q-l 
2—1 iq-1 

"1 _ ^ 4 - 
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Assume that ( 13. ip is true for r = k, we only need to show that it is also true 
for r = k + 1. For r = k + 1, Using ( 12. 13[) and ( 13. 2\) , we have 

1 



RHS of (HUD 



(fc + l)! . 



E 



u h---i k+1 i 'Hi 



(* + l) 



E 



5f 
5f 



8? 

lk+1 

6T 



XJk + l 

dk+l 
*2 



tfk+1 



K 2 



'Hi 



1 



n—ifc+a 



SjJh+lljJvJkj 



E^ +1 * 



(Jfe + 1)! 



li-3k3 
ti—»fctfc+i" v *l 



/if • • • /if +1 + 



fc+1, 



/if +1 



"%+l 



□ 



Lemma 3.2. For eac/i r, we /iaue 
faj (P r ) A = 0; 
f&j Trace(P r ) = (n — r)oy; 
fcj Trace (P r S F ) = (r + l)ay + i; 
fdj Trace (P r Sp) = 0i0V+i - (r + 2)ay +2 . 

Proof, (a). Noting (J,j r ) is skew symmetric in <KV.".| r f and (j,j r ) is symmetric in 
ft£ ■ ■ • (from (T2TT21 ). we have 



i il,- ,ir]jl,- ,jr]j 

(b) . Using ([31]) and f[2TT3|) . we have 

Trace(P r S F ) = EyWft} 

= iV A" ' ///'/ • • •//'• //'. 

r! ,iry'i,— jV;i,j »i— »r* ji Jr j 

= (r + l)<7 r+ i. 

(c) . Using (b) and the definition of P n we have 

Trace(P r ) = tr(a r I) — tr(P r _ 1 5'i?) = ncr r — ra T — (n — r)cr r 
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(d). Using (b) and the definition of P r +i, we have 

Tr&ce(P r S F ) = Trace (a r+ iS F ) — Trace (P r+ iS F ) = cri^V+i — (r + 2)a r+2 . 

□ 

Remark 3.3. When F — 1, Lemma T3 .21 was a well-known result (for example, see 
Barbosa-Colares [4], or Reilly [T7]). 

We define an operator L r;F : C°°(M) ->■ C°°(M) by 



Proposition 3.4. Let x : M —> M. n+1 be a compact hypersurface in M. n+1 with 
H r . F > 0, then for 1 < j < r, 

(1) each operator Lj. F is elliptic; 

(2) each j -mean curvature Hj. F is positive. 



4. Divergence Theorem and Minkowski integral formula 
Lemma 4.1. div(P r (x T )) = c(r)(H r . F + H r+ i ;F (x, v) u ). 
Proof. We have 



(3.3) 



L r;F (f) = div(P r V/). 



Proof. See pE], Proposition 3.2, p. 280. 



□ 



(4.1) 



x = a l ei + (x, u) u u, 
(x,ej) u g^. Differentiate it, we get 

dx = (da l )ei + a % dei + d(x, v) v v + (x, u) u du = u/ej. 



where a 1 



Compare the coefficients of e^, we have 



da 1 + a^u) - (x, v) v W,u 3 = u\ 



So 



(4.2) 



<i, »j ■ s)(x,u) 



From Lemma [3.21 we compute 
div(P r (x T )) = 



(P r ){oJ + (P );'/>' 



Trace(P r ) + Trace(P r 5'i?)(x, v) 
c(r)(H r . F + H r+1 . F (x, v) v ). 



V 



□ 
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Since M is compact without boundary, we have the following divergence 
theorem: 

Lemma 4.2. (Divergence Theorem) J M (divX)dV = 0. 

Since div(fX) = fdivX + (Vf,X) l/ , we have 

Lemma 4.3. J M (fdwX)dV + J u (Vf,X) u dV = 0. 

From Lemma l4"7fl and the Divergence Theorem, we have the following Minkowski 
integral formula (see [9]): 

Theorem 4.4. (Minkowski integral formula) 

(H r + H r+1 (x,u) u )dV = 0. 



H r;F / \\A\l dv < M r ) / H r . F dV. 
Jm Jm 



M 

5. Proof of Theorem 11.21 

We first prove the following lemma: 

Lemma 5.1. Let X : M — > IR n+1 be a compact oriented hypersurface without 
boundary immersed into Euclidean space, and let F : S n — > M + be a smooth 
function which satisfies the convexity condition ( fi.^l) . If H r .p > and 

(5.1) / xdV = 0, 

then 
(5.2) 

Proof. From 

(5.3) Af-= inf ~ lM / L :Z[ fW , 

/m/^=° f M f dV 

writing x = (x u ■ ■ ■ , x n+1 ), = (e a , ■ • ■ , e i>n+1 ) we have 

Vx a = g lJ ei a ej, a = 1, • • • , n + 1. 

Now, we choose ei, • • • , e n be orthonormal eigenvectors of Sf corresponding, re- 
spectively, to the eigenvalues Ki, ■ ■ ■ , K n . Represent by Si the restriction of the 
transformation Sp to the subspace normal to and by a r (Si) the r-symmetric 
function associated to Si. Then, we have 

X i r ' F I M x l dV ^ - J M x a L r . F (x a )dV 
(5-4) = J M (P r (Vx a ),Vx a ) u dV 
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Making summation over a from 1 to n + 1, we get (by Proposition 13.41 a r (Si) is 
positive): 

ifr'f M M\lw < \i- F f M \\xfdv 

< Ju^MSMe^dV 
= ^J M H r , F dV. 

□ 

Proof of Theorem. Let J M xdV = C, constant vector in M n+1 , then 

~_ 

X X vol(M) 

satisfies J M xdV = 0. Because the qualities of are the same for x and x, so holds 
for x is equivalent to that holds for x, so without loss of generality, we can assume 
that 

xdV = 0. 



' M 

Multiplying two sides of O by J M H^. F dV, we get 

(5.5) Af r;F f \\x\\ 2 u dV- [ H 2 s . F dV < n ■ c(r) / H r . F dV ■ [ H 2 s . F dV 

JM JM ' JM ' JM 

Using Schwartz inequality and Minkowski formula, we have 

\ L ^ F J M \\x\\ldV- j M Hl F dV > X^ F (J M \\x\\ u -\H s , F \dV) 2 

> X^ F (J M (x,H s;F u) u dVf 
= \i r ' F (f M H s . F {x, u) v dV) 2 



IM 

\ L i' F {J M H s-i;FdVy. 
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